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Weisfeiler-Lehman Algorithm

Definition

A coloring of a graph G = (V ,E ) is a function c : V −→ N.

Definition

A (perfect) hashing is any injective function.

Basic idea: start with c (v) = c(0) (v), and
c(t+1) (v) =hash

(
c(t) (v) , {{c(t) (w) : w ∈ N (v)}}

)
[WL68]
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Weisfeiler-Lehman Algorithm

Source:
https://davidbieber.com/post/2019-05-10-weisfeiler-lehman-isomorphism-test/
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Weisfeiler-Lehman Algorithm

Algorithm 1 Weisfeiler-Lehman (WL) or Naive vertex refinement

1: Input: (V ,E ,XV ) {▷xv ∈ Zd
2}

2: c (v) = c(0) (v)←− hash (xv )
3: while c(t) (v) = c(t+1) (v) ∀v ∈ V do
4: c(t+1) (v)←−hash

(
c(t) (v) , {{c(t) (w) : w ∈ N (v)}}

)
5: end while
6: Output: c(T ) (v) ∀v ∈ V

If two graphs have different colorings, then the graphs are not isomorphic. But the
converse is not true[MBHSL19]
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Graph Neural Networks

How powerful are graph neural networks?[MBHSL19, XHLJ18]

For node classification: Given (V ,E ,XV ), find hv = x
(K)
v and f such that

f (hv ) = xv

a(k+1)
v = AGGREGATE (k+1)

({
x (k)u : u ∈ N (v)

})
,

x (k+1)
v = COMBINE (k+1)

(
x (k)v , a(k+1)

v

)

AGGREGATE COMBINE Ref

MAX
({

σ
(
W1.x

(k)
u

)}
, u ∈ N (v)

)
W2.

[
x
(k)
v , a

(k+1)
v

]
GraphSAGE

W1.MEAN
(
x
(k)
u , u ∈ N (v) ∪ {v}

)
σ
({

W2.a
(k+1)
v

})
GCN
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Graph Neural Networks

or..
x
(k+1)
v =COMBINE

(
x
(k)
v ,AGGREGATE(k+1)

({
x
(k)
u : u ∈ N (v)

}))

Compare with
c(t+1) (v) =hash

(
c(t) (v) , {{c(t) (w) : w ∈ N (v)}}

)
Theorem

Let G1 and G2 be any two non-isomorphic

(undirected)

graphs. If a graph neural
network A : G −→Rd maps G1 and G2 to different embeddings, the
Weisfeiler-Lehman graph isomorphism test also decides G1 and G2 are not
isomorphic. Converse holds if COMBINE and AGGREGATE are injective[XHLJ18].

DL ⊏ WL For directed graphs, use
c t+1 (v)←−hash

(
c(t) (v) , {{c(t) (w) : w ∈ Nin (v)}}, {{c(t) (w) : w ∈ Nout (v)}}

)
[MG21]
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k-Weisfeiler-Lehman Algorithm

Algorithm 1 k-Weisfeiler-Lehman (k-WL)

1: Input: (V ,E ,XV ) {▷xv ∈ Zd
2}

2: c
(−→v )

= c(0)
(−→v )

←− hash (x−→v )

3: while c(t)
(−→v )

= c(t+1)
(−→v )

∀−→v ∈ V k do

4: c
(t+1)
i

(−→v )
←− {{c(t)

(−→w )
: w ∈ Ni

(−→v )
}} ∀−→v ∈ V k

5: c(t+1)
(−→v )

←− hash
(
c(t)

(−→v )
, c

(t+1)
1

(−→v )
, ..., c

(t+1)
k

(−→v ))
∀−→v ∈ V k

6: end while
7: Output: c(T )

(−→v )
∀−→v ∈ V k

Here, hash (x−→v ) = hash (x−→w ) iff xvi = xwi and if (vi , vj) ∈ E iff (wi ,wj) ∈ E and
Ni

(−→v )
= {(v1, ..., vi−1, u, vi+1, ..., vk) : u ∈ V }

May be used to make GNN kernels
(k + 1)-WL ⊏ k-WL[HV21]
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k-Weisfeiler-Lehman Algorithm
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k-Weisfeiler-Lehman Algorithm

Algorithm 3 k-Weisfeiler-Lehman (k-WL)
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The case for higher order relations
Clique complexes of graphs to the rescue!
Simplicial WL [BFW+21] uses

c t+1 (σ)←−hash
(
c t (σ) , c tB (σ) , c tC (σ) , c

t
↓ (σ) , c

t
↑ (σ)

)

Simplicial WL is more powerful than 3-WL[BFW+21]
What if we go for cliques in directed graphs?
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Modelling higher relations

Theorem
Simplicial Set WL⊑Simplicial WL⊏ WL

Simplicial Set WL: c t+1 (σ)←−hash
(
c t (σ) , c tBi

(σ) , c tCi
(σ) , c t↓,i (σ) , c

t
↑,i (σ)

)
In summary:

DWL ⊑ WL
⊔ ⊔

3DWL ⊑ 3-WL
⊔ ⊔

SSWL ⊑ SWL
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Top Vertices

Definition
A vertex v ∈ G0 is said to be a top vertex of dimension k if there is a simplex

x ∈ X• of dimension k such that d
(1)
0 d

(2)
0 ...d

(k−1)
0 d

(k)
0 x = v , where

d
(j)
0 : Xj −→ Xj−1 is the 0-th face map for 0 ≤ j ≤ j

Define (A • B)ij :=
n∨

k=1

aik ∧ bkj

Lemma

Let G be any directed graph. Then the i , j entry of Ã⊙ Ã•2 ⊙ ...⊙ Ã•k , denoted

by ã
(k)
ij , nonzero if and only if there is a path of length 1, length 2, ..., length k

from vertex i to vertex j without repeating any vertices.

Here, X̃ := X ⊕ diag (X )
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Here, X̃ := X ⊕ diag (X )
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Top Vertices
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Top Vertices

Lemma

Let v ∈ G0. Then ã
(2)
iv is nonzero if and only if v is a top 2 vertex.

Lemma

If ã
(2)
iu ̸= 0, ã

(3)
iv ̸= 0, u ∈ Ñ1

in (v) (i.e., u and v are top 2-vertices) and

Ñ1
out (i) ∩ Ñ1

in (u) ∩ Ñ1
in (v) is nonempty, then v is a top 3-vertex

Lemma

For three vertices u, v ,w with u ∈ Ñ1
in (v) and w ∈ Ñ1

in (v) ∩ Ñ1
in (u), if ã

(4)
iv and

ã
(3)
iu and ã

(2)
iw are nonzero, and if Ñ1

out (i) ∩ Ñ1
in (v) ∩ Ñ1

in (u) is nonempty, then

[i , x ,w , u, v ] is a 4 simplex for all x ∈ Ñ1
out (i) ∩ Ñ1

in (v) ∩ Ñ1
in (u) ∩ Ñ1

in (w)
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in (u) ∩ Ñ1
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Pseudo Top Vertices

Definition
For v ∈ G0, and any integer k ≥ 1, v is said to be a k-pseudotop vertex if
∃u ∈ Ñ1

in (v) that is a (k − 1)-semitop vertex such that∣∣∣Ñ1
out (i) ∩ Ñ1

in (u) ∩ Ñ1
in (v)

∣∣∣ > k − 3, where i is a vertex such that ã
(k−1)
iu and ã

(k)
iv

are nonzero. For k = 0, all vertices are defined to be 0-semitop vertices. The
integer k is said to be the dimension of the pseudotop vertex.

u

v

i
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Pseudotop Vertex Neural Network

Algorithm 4 Required pre-processing

1: Find pseudotop vertices
2: Label every vertex v with its (pure) maximum dimension
3: while Refinement Stabilizes do
4: Form partition vector R (v) = ([v ] , [w1] , ..., [wn]), where wi ∈ Nin (v)
5: If R (v) = R (u), then [u] = [v ].
6: end while
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